DISTRIBUTION  STATEMENT  A  j 

Approved  for  Public  Release  | 

Distribution  Unlimited 


«r  « 

\  r\J 


NATIONAL  ADVISORY  COMMITTEE 
FOR  AERONAUTICS 


TECHNICAL  NOTE  2141 


CHARTS  FOR  ESTIMATING  DOWNWASH  BEHIND 


RECTANGULAR,  TRAPEZOIDAL,  AND 


TRIANGULAR  WINGS  AT  SUPERSONIC 


SPEEDS 

By  Rudolph  C.  Haefeli,  Harold  Mirels,  and  John  L.  Cummings 

Lewis  Flight  Propulsion  Laboratory 
Cleveland,  Ohio 


TIACA, 

Washington 

August  1950 


Reproduced  From 
Best  Available  Copy 


20000803  216 


/f  ©Moo 


NATIONAL  ADVISORY  COMMITTEE  FOE  AERONAUTICS 


TECHNICAL  NOTE  2141 


CHARTS  FOR  ESTIMATING  DOWNWASH  BEHIND 

RECTANGULAR,  TRAPEZOIDAL,  AND  TRIANGULAR 

NINGS  AT  SUPERSONIC  SPEEDS 

By  Rudolph  C.  Haefeli,  Harold  Mirels 
and  John  L.  Cummings 


SUMMARY 

Charts  are  presented  for  estimating  the  downwash  behind  wings 
in  a  supersonic  stream.  The  wing  plan  forms  for  which  computations 
are  made  include  rectangular  wings  with  reduced  aspect  ratios 
(cotangent  of  Mach  angle  times  aspect  ratio)  of  2,  4,  8,  and  12; 
trapezoidal  wings  with  reduced  aspect  ratios  ranging  from  2  to  12.8 
and  taper  ratios  of  l/2  and  l/4;  and  triangular  wing3  with  reduced 
aspect  ratios  of  8  and  12.  All  the  wings  have  supersonic  leading 
and  trailing  edges . 

The  charts  are  obtained  on  the  basis  of  lifting-line  theory. 
For  each  wing,  charts  of  the  downwash  near  the  wing,  the  downwash 
in  the  Trefftz  plane,  and  the  spanwise  distribution  of  loading  are 
presented.  The  charts  are  applicable  behind  the  wings  in  regions 
where  the  effect  of  the  rolling  up  of  the  trailing  vortex  sheet  is 
not  excessive.  The  calculation  of  downwash  farther  downstream  is 
briefly  discussed. 

A  procedure  is  indicated  to  correct  for  the  displacement  and 
the  distortion  of  the  trailing  vortex  sheet.  The  downwash  behind 
wings  with  flaps  is  briefly  considered. 


INTRODUCTION 

Charts  presented  in  reference  1  for  the  downwash  behind  wings 
at  subsonic  speeds  have  proved  of  great  value  to  the  aircraft 
designer.  With  the  recent  emphasis  on  high-speed  flight,  a  similar 
series  of  charts  for  the  downwash  behind  wings  at  supersonic  speeds 
would  be  equally  useful.  A  computational  program  was  therefore 
undertaken  at  the  NACA  Lewis  laboratory  to  provide  such  charts. 
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The  downwash  charts  presented  herein  are  based  on  the  lifting¬ 
line  theory  of  reference  2.  Down-wash  results  obtained  from  the 
linearized  theory  of  reference  2  may  differ  from  those  encountered 
in  practice  due  to  (from  references  1  and  3): 

1.  Displacement  and  distortion  of  the  trailing  vortex  sheet 

2.  Differences  between  theoretical  and  actual  spanwise  distri¬ 

bution  of  loading 

3.  Wing-body  interference 

4.  Viscous -wake  effects 

A  first-order  correction  for  the  displacement  and  the  distortion 
of  the  trailing  vortex  sheet,  as  suggested  in  reference  1,  is 
incorporated.  The  region  of  validity  of  this  approximation  is  dis¬ 
cussed  on  the  basis  of  the  analysis  of  reference  4. 

Charts  are  presented  for  obtaining  the  downwash  behind  rec¬ 
tangular,  trapezoidal,  and  triangular  wings,  all  of  which  have 
supersonic  leading  and  trailing  edges.  The  downwash  behind  tri¬ 
angular  wings  with  subsonic  leading  edges  is  presented  in  refer¬ 
ences  5  and  6. 


THEORY 

Downwash  Near  Wing 

The  vertical  perturbation  velocity  at  a  point  x,y,z  induced 
by  a  lifting  line  lying  in  the  z  =  0  plane  along  the  y-axis 
(fig.  1(a))  is  given  in  reference  2  (equation  (46))  as 


(1) 


where  P  is  the  spanwise  distribution  of  circulation  and  ya 

and  y-j,  are  the  ordinate  limits  of  the  lifting  line  contained  - 

within  the  forward  Mach  cone  from  x,y,z.  (The  main  symbols  used 
in  this  report  are  defined  in  appendix  A.)  The  integration  may  be 
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approximated  by  a  summation  corresponding  to  replacing  the  lifting 
line  and  its  shed  vortex  sheet  by  a  finite  number  of  horseshoe 
vortices.  That  is,  a  smooth  spanwise  variation  in  circulation  is 
replaced  by  a  stepwise  variation,  as  illustrated  in  figure  1(b). 
Equation  (l)  then  becomes 


v 


n 


1=1 


x(y-y1)(ri2-P2z2) 


r±(x2-p2z2)  _(y-yi)2+z2] 


(aD1 


(2) 


where  (Ar)^  is  the  strength  of  the  i-th  trailing  line  vortex, 
y^  is  the  spanwise  coordinate  of  the  i-th  trailing  line  vortex, 
and  n  is  twice  the  number  of  horseshoe  vortices  used.  The  terms 
for  which  r^  is  imaginary  are  omitted  from  the  summation  because 
such  terms  arise  from  line  vortices  that  lie  outside  the  forecone 
from  x,y,z.  This  summation  corresponds  to  integrating  equation  (1) 
between  the  limits  ya  and  y^.  The  sign  of  (aT)  ^  is  negative 
if,  by  applying  the  right-hand  rule,  the  vortex  vector  is  in  the 
positive  x-direction.  The  magnitude  of  (Ar)*  is  equal  to  the 
Jump  of  the  i-th  step  in  the  load  distribution. 


Equation  (2)  may  be  put  in  a  form  more  suitable  for  computa¬ 
tions  by  substituting  |=  x/pb',  tj  =  y/b',  and  £  =  z/b‘  to 
obtain 


w 


t  (n-*ii) 

[|2-(n-ni)2 

(AF)i 

Ve2-(n-v2' 

[(IV*  fl 

b* 

(3) 


Flat-plate  wings  will  be  assumed  for  the  remainder  of  the 
report.  The  results  are  applicable  to  other  wings,  however,  inas¬ 
much  as  the  downwash  behind  a  wing  with  thickness  and  camber  equals 
the  flat-plate  solution  plus  the  downwash  of  the  wing  at  zero  angle 
of  attack.  Thus, 

w  _  _  d£  vo»0 
aTJ  da  aU 
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where  wa_Q  Is  the  dawnwash  of  the  wing  at  zero  angle  of  attack. 
For  a  flat  plate, 

w  de 

aTJ  da 

so  that  equation  (3)  may  be  written  as 


where  rm  is  the  value  of  T  at  midspan. 

The  factor  G^  is  singular  for  points  on  a  line  vortex;  that 
is,  when  q  =  and  £  =  0 .  Comparison  of  downvash  obtained  by 

analytic  integration  and  numerical  integration  indicates  that  the 
computational  points  in  the  £  =  0  plane  should  be  half-way 
between  line  vortices  when  equation  (4)  is  used.  Computational 
points,  with  £  /  0,  that  lie  on  the  aftercone  from  a  corner  of  a 
horseshoe  vortex  should  be  avoided  inasmuch  as  the  radical  in  the 
denominator  of  G^  is  then  zero. 

The  results  of  reference  2  show  that  the  lifting-line  approxi¬ 
mation  gives  values  of  downwash  that  are  in  good  agreement  with 
the  exact  linearized  solution  if  the  lifting  line  is  placed  at  the 
T/2-chord  point  for  rectangular  wings  and  at  the  3/4-chord  point 
for  triangular  wings.  For  the  present  computations,  the  line  vor¬ 
tices  were  therefore  placed  at  these  chordwise  locations .  The 
l/2-chord  location  was  also  used  for  the  trapezoidal  wings. 

Near  the  trailing  edge  of  a  wing  the  lifting-line  method  is 
not  in  close  agreement  with  exact  linearized  theory.  At  the  trail¬ 
ing  edge,  however,  the  exact  linearized  value  of  the  downwash  may 
be  readily  obtained  by  the  methods  of  reference  7.  For  trailing 
edges  normal  to  the  free -stream  direction,  this  method  yields 

Si  -  1  -  PH  (5) 

da  aU 

where  u  is  the  perturbation  velocity  in  the  x-direction  on  the 
top  surface  of  the  wing  at  the  trailing  edge.  An  estimate  of  the 
downwash  near  the  trailing  edge  in  the  z  =  0  plane  may  then  be 
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made  by  fairing  the  curve  obtained  by  the  line-vortex  method  (equa¬ 
tion  (4))  to  the  value  at  the  trailing  edge  given  by  equation  (5). 


Displacement  and  Distortion  of  Vortex  Sheet 

Methods  for  calculating  the  effect  of  distortion  on  the  down- 
wash  are  discussed  in  references  1,  4,  and  8.  In  linearized  theory, 
the  trailing  vortex  sheet  is  ordinarily  assumed  to  lie  in  the 
z  =  0  plane.  Actually,  the  trailing  vortex  sheet  is  displaced 
and  distorted  by  the  perturbation  velocities  and  generally  tends 
to  roll  up  at  the  edges.  The  rolling-up  process  continues  until 
the  entire  vorticity  is  concentrated  in  two  vortex  cores  trailing 
behind  each  wing  tip. 

The  distance  behind  the  trailing  edge  at  which  the  vortex 
sheet  is  essentially  rolled  up  is  (reference  4),  in  the  reduced 
coordinate  system, 


A_ 

cL 


(6) 


where  K  is  a  factor  dependent  on  the  load  distribution.  For 
elliptical  load  distributions,  K  «  0.28,  whereas  for  distribu¬ 
tions  that  have  a  lateral  center  of  lift  farther  outboard,  K 
takes  on  smaller  values,  and  vice  versa.  The  distance  e  is 
directly  proportional  to  a/cl. 

At  downstream  stations  for  which  x/pbf<(e4-c)/(3bt,  both  the 
displacement  and  the  distortion  of  the  trailing  vortex  sheet  are 
considered  adequately  accounted  for  when  computing  downwash  near 
the  plane  of  symmetry  (y/b1  =  0)  by  assuming  the  vortex  sheet  to 
be  displaced  as  a  unit  (that  is,  undistorted)  at  each  downstream 
station  by  the  amount  of  local  displacement  of  the  center  line  of 
the  actual  vortex  sheet.  The  downward  displacement  of  the  center 
line  of  the  vortex  sheet  from  the  trailing  edge  may  be  estimated 
by  integrating  the  linearized  downwash  along  that  line.  Thus,  the 
total  downward  displacement  from  the  z  =  0  plane  is 
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where  h-t  =  ca  is  the  downward  displacement  of  the  trailing  edge 
from  the  z  =  0  plane  with  coordinate  origin  at  the  leading  edge, 

nx  1 


and  h8  =  a 


U 


—  dx  is  the  downward  displacement  of  the  vortex 
da 


sheet  from  the  trailing  edge  at  a  downstream  station  x^ 


The  downwash  at  stations  for  which  x/ph'>(e+c)/ph'  is 
essentially  simpler  to  calculate.  A  procedure  applicable  for  these 
stations  is  indicated  in  appendix  B.  The  emphasis  of  this  report 
is  on  the  calculation  of  downwash  near  the  wing,  where  the  calcu¬ 
lation  is  more  difficult. 


The  distance  e  cannot  he  accurately  determined  at  present 
because  of  insufficient  Knowledge  about  the  factor  K.  Ultimately, 
the  magnitude  of  K  must  be  experimentally  determined  for  various 
plan  forms. 


y 


Downwash  in  Trefftz  Plane 

In  the  Trefftz  plane  (x/pb'  =  <b),  equation  (4)  reduces  to 


d£ 

da 


i  rm  ^  (Apj 

2jt  aUb '  /  /  \2  2  p 

1=1  A 


(8) 


Equation  (8)  is  identical  to  the  equation  obtained  in  subsonic 
theory  for  the  downwash  at  x  =  od  . 

Because  of  the  displacement  and  the  distortion  of  the  trail¬ 
ing  vortex  sheet  and  its  ultimate  degeneration  into  two  trailing 
vortex  cores,  the  Trefftz  plane  solution  is  not  a  correct  approxi¬ 
mation  to  the  actual  downwash  an  infinite  distance  behind  a  wing. 

The  Trefftz  plane  solution  is  nevertheless  useful  for  estimating 
the  magnitude  and  the  spanwise  variation  of  downwash  at  downstream 
stations  for  which  asymtotic  values  of  downwash  are  approached 
before  x/pb'  exceeds  (e+c)/pb'.  This  condition,  however,  may 
not  be  obtained  for  wings  with  either  a  small  aspect  ratio  or  a 
large  lift  coefficient. 
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Spanvise  Distribution  of  Loading 

Analytical  expressions  for  the  potential  jump  A<p  across  the 
plane  of  each  wing  were  obtained  by  the  method  of  reference  9. 
These  equations  are  given  in  appendix  C  for  the  wing  regions  con¬ 
sidered  in  this  report.  Tbe  spanwise  variation  in  loading  was 
obtained  with  the  relation  T  =  (Acp)t .  The  lift  coefficient  for 
the  trapezoidal  wings  was  obtained  by  a  graphical  integration  of 

4a, 

the  spanwise  loading  curves.  For  the  triangular  wings,  Cp,  =  — 

(reference  10,  p.  361),  and  for  the  rectangular  wings,  « 
(reference  10,  p.  380). 


* 

t 


Downwash  Due  to  Flaps 


The  contribution  of  wing  flaps  of  constant  chord  to  the  ver¬ 
tical  perturbation  velocity  may  be  approximated  by  replacing  the 
flap  by  a  horseshoe  vortex  (fig.  2)  with  strength  equal  to  the  cir¬ 
culation  of  a  two-dimensional  airfoil  of  the  same  chord.  That  is, 
(from  equation  (Cl)) 


where  m^  is  the  slope  parameter  of  the  trailing  edge,  8  is  the 
flap  deflection  angle,  and  if  is  the  chord  parameter  of  the  flap 
(8  and  Hf  are  measured  in  the  flight  direction).  From  equa¬ 
tion  (3),  the  downwash  due  to  both  flaps  is 

w  1  rf  q-g)  f  (vm)[(e-r)2-(n-tii)2-2^]  _ 

8U  2k  6Ub-  [(|-|.)2_e2]  [^(|-|.)2.(Ti.ni)2.^2  [(q-T^)^] 

i' 

(Tj-n2)  [(£-£'  )2-(vn2)2~2£2]  [U  -|r  )2-(Ti+n2)2“2^2] 


rH  ca 
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where  %  '  is  the  distance  (in  the  nondimens ional  coordinate  sys¬ 
tem)  of  the  horseshoe  vortex  from  the  y,T)-axis,  and  iTj^  and  ±T]g 
are  the  nondimens ional  ordinates  of  the  trailing  line  vortices. 

This  downwash  is  then  added  to  the  downwash  of  the  plain  wing,  as 
indicated  in  figure  2,  to  obtain  the  downwash  due  to  the  complete 
wing  configuration. 

This  approximation  should  result  in  a  good  indication  of  the 
downwash  if  the  flap  deflection  6  is  small,  and  if  the  flap  chord 
is  small  compared  with  the  wing  chord.  For  computations  of  the  down' 
wash  close  to  the  trailing  edge,  additional  refinements  to  correct 
for  the  effect  of  the  chordwise  distribution  of  vorticity  may  be 
required . 


DISCUSSION  OF  DOWNWASH  CHARTS 

* 

Scope  of  Charts 

The  wing  plan  forms  for  which  the  downwash  was  computed, 
together  with  an  index  to  the  charts  (figs.  3  to  22),  are  shown  in 
table  I.  The  plan  forms  include  rectangular  wings  with  reduced 
aspect  ratios  8A  of  2,  4,  8,  and  12;  trapezoidal  wings  with 
reduced  aspect  ratios  ranging  from  2  to  12.8  and  taper  ratios  of 
l/2  and  l/4;  and  triangular  wings  with  reduced  aspect  ratios  of  8 
and  12.  The  wings  are  assumed  to  be  flat  plates  with  the  specified 
plan  form. 

Those  plan  forms  having  swept  trailing  edges  are  modified  at 
the  midspan  by  parabolic  arcs,  tangent  to  the  trailing  edges  at 
0.2b',  in  order  to  decrease  the  magnitudes  of  downwash  in  the 
vicinity  of  the  midspan.  (For  these  wings,  linearized  theory  pre¬ 
dicts  both  a  discontinuity  in  the  slope  of  the  spanwise  loading 
curve  and  an  infinite  vertical  perturbation  velocity  at  the  midspan 
(reference  2),  neither  of  which  would  be  expected  in  an  actual 
fluid  flow. )  The  reduced  aspect  ratios  and  taper  ratios  of  the 
trapezeidal  wing,  however,  are  based  on  the  original  plan  form. 

The  downwash  charts  obtained  from  equation  (4)  are  presented 
in  figures  3  to  22  for  each  plan  form  of  table  I  for  y/b'  =  0,  0.15, 
and  0.30,  and  |z/b'|  =  0,  0.1,  0.3,  and  0.5.  A  coordinate  origin 
at  the  midspan  of  the  leading  edge  was  chosen  for  the  presentation 
of  the  charts. 
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Nineteen  horseshoe  vortices  (n  =  38)  were  used  in  equa¬ 
tions  (4)  and  (8)  to  calculate  the  downwash  because  trial  computa¬ 
tions  indicated  that  this  number  was  sufficiently  large  to  yield 
good  agreement  with  equation  (l) ,  yet  not  excessively  large  for 
practical  computation. 

Equation  (5)  was  used  to  obtain  values  of  de/da  at  the  mid¬ 
span  of  the  trailing  edge  of  each  wing.  Curves  were  then  drawn, 
indicated  by  the  dashed  lines  in  the  downwash  charts,  to  approxi¬ 
mate  the  downwash  in  the  regions  close  behind  the  trailing  edges. 
These  approximations  were  used  for  the  calculations  of  the  vortex- 
sheet  displacement  curves  (by  equation  (7)),  which  appear  on  each 
chart. 

The  charts  also  present  curves  of  the  downwash  in  the  Trefftz 
plane  obtained  from  equation  (8)  for  |z/b'|  =  0,  0.1,  0.3, 
and  0.5.  These  curves  provide  a  basis  for  extrapolating  downwash 
near  the  wing  for  y/b'  >  0.30.  The  spanwise  load  distribution  of 
each  wing  is  also  presented. 


Comparisons  with  Exact  Linearized  Theory 

Exact  linearized  values  of  downwash  behind  the  rectangular 
wings  of  figures  19  to  22,  obtained  by  the  method  of  reference  7, 
illustrate  the  good  agreement  obtained  by  the  lifting-line  solu¬ 
tions  for  z/b'  =  0  and  x/pb'  >  c/pb'  +  l/2.  In  the  Trefftz 
plane,  exact  linearized  values  of  downwash  (taken  from  references 
7  and  11)  are  shown  for  the  triangular  wings  in  figures  3  and  4 
and  for  the  rectangular  wings  in  figures  19  to  22.  Because  dis¬ 
continuities  in  the  slopes  of  the  downwash  curves  are  not  accurately 
predicted  by  the  approximation  of  equation  (4),  the  spanwise  varia¬ 
tion  of  downwash  in  the  Trefftz  plane  deviates  from  the  exact  lin¬ 
earized  values  near  the  coordinates  of  such  discontinuities.  (See, 
for  example,  figs.  20  and  22.)  The  agreement  is  generally  good, 
however.  On  the  basis  of  these  comparisons  and  the  results  of 
reference  2,  all  the  downwash  charts  are  believed  to  approximate 
closely  exact  linearized  theory. 


Factors  Influencing  Downwash 

Magnitude  of  downwash .  -  A  comparison  of  the  downwash  near 
the  wing  with  the  downwash  in  the  Trefftz  plane  for  the  various 
plan  forms  considered  indicates  that  the  values  of  downwash  in  the 
Trefftz  plane  may  be  assumed  to  yield  good  estimates  of  the  order 
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of  magnitude  of  the  downwash  at  stations  for  which  x/f3b*  >  2. 

The  downwash  in  the  Trefftz  plane  at  y/b'  <=  0  and  z/b*  =  0  may 
he  expressed  for  particular  load  distributions  in  terms  of  the  lift 
coefficient  and  the  aspect  ratio.  Thiis,  for  a  uniform  load  distri¬ 
bution  (reference  12,  p.  134), 


2l 

dc  _  a 
da  jtA 


(10) 


whereas,  for  an  elliptic  load  distribution  (reference  12,  p.  143), 


2l 

—  =  2  — 
da  ~  jrA 


(11) 


In  general. 


de  _  a 
da  JtA 


(12) 


where  p  is  a  number  dependent  on  the  particular  load  distribution. 

For  loadings  ranging  between  the  uniform  and  the  elliptic  dis¬ 
tributions,  1  <p  <  2;  whereas  for  loadings  ranging  between  the 
elliptic  and  triangular  distributions,  p>  2.  In  general,  the 
order  of  magnitude  of  the  downwash  is  therefore  directly  propor¬ 
tional  to  the  lift  coefficient  and  a  factor  dependent  on  the  form 
of  the  load  distribution  curve,  and  inversely  proportional  to  the 
aspect  ratio. 

Spanwise  variation  of  downwash.  -  The  spanwise  variation  of 
downwash  in  the  z  =  0  plane  is  directly  related  to  the  form  of 
the  load -distribution  curve.  The  effect  of  the  load  distribution 
on  downwash  is  illustrated  in  figure  23.  This  figure  presents  the 
downwash  in  the  Trefftz  plane,  for  z  =  0,  behind  triangular, 
elliptical,  and  uniform  load  distributions. 

For  triangular  loading'  (fig.  23(a)),  the  downwash  in  the 
z  =  0  plane  approaches  infinity  at  midspan.  If  the  load  distri¬ 
bution  is  modified  so  that  zero  slope  exists  at  midspan,  however, 
a  finite,  maximum  downwash  results  (figs.  3  and  4).  A  greater 
modification  of  the  triangular  loading  may  further  decrease  the 
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downwash  at  midspan  so  that  the  maximum  occurs  at  another  spanwise 
station  (for  example,  near  y/b'  =  0.15,  fig.  5).  The  basic  char¬ 
acteristic  of  the  triangular-type  loading,  however,  is  the  decrease 
in  dc/da  behind  the  wing  with  an  increase  in  y. 

The  basic  characteristic  of  elliptic  loading  (fig.  23(b))  and 
modifications  thereof  (fig.  10)  is  the  essentially  constant  span- 
wise  downwash  distribution  behind  the  wing.  For  uniform  loading 
(fig.  23(c))  and  modifications  of  uniform  loading  (fig.  21)  the 
downwash  parameter  de/da  increases  with  y. 

Above  the  plane  of  the  wing,  the  load  distribution  does  not 
have  as  pronounced  an  effect  on  the  spanwise  variation  of  downwash 
as  it  has  in  the  z  =  0  plane. 


Displacement  Curves 

The  displacement  curves  indicate  that  the  displacement  is 
practically  negligible  for  x/pb'  <  2  when  a  and  p  have  val¬ 
ues  consistent  with  linearized  theory.  Farther  downstream,  the 
displacement  increases  practically  linearly  with  distance. 


METHOD  OF  APPLICATION 

The  downwash  parameter  de/da  at  a  point  behind  a  wing  is 
obtained  from  the  charts  given  in  figures  3  to  22  as  follows : 

1.  For  a  Mach  number  under  consideration,  the  coordinates  of 
the  point  where  the  downwash  is  desired  are  reduced  to  the  param¬ 
eters  x/pb',  y/b',  and  z/b*  measured  from  an  origin  at  the 
midspan  of  the  leading  edge. 

2.  At  stations  near  the  plane  of  symmetry  (y/b'  =0),  the 
displacement  h/b'  of  the  vortex  sheet  from  the  z  =  0  plane  is 
estimated  from  the  displacement  chart.  This  value  is  added  to 
z/b'  to  obtain  the  net  distance  of  the  point  from  the  vortex 
sheet. 


3.  For  the  x/pb'  and  y/b'  parameters  of  the  point,  and 
the  net  z/b'  parameter  found  in  step  2,  the  value  of  d€/o ta,  is 
obtained  from  the  downwash  charts . 
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If  the  magnitude  of  the  downwash  v  is  desired,  the  relations 

w  =  -  —  all  +  va_0  for  wings  with  thickness  and  camber 

doc 

and 

w  =  -  —  ctU  for  flat  plates 
da 

may  be  used,  where  wa_Q  is  the  downwash  of  the  wing  at  zero  angle 

of  attack.  For  wings  with  flaps,  the  computation  indicated  in  the 
section  Downwash  Due  to  Flaps  must  also  be  made. 

A  correction  for  the  downwash  based  on  an  experimental  lift 
coefficient  is  discussed  in  appendix  D.  For  wings  with  a  small 
value  of  A/Cx,,  the  rolling  up  of  the  trailing  vortex  sheet  must 
-be  considered,  as  indicated  in  appendix  B. 


EXAMPLE 

w 

As  an  illustrative  example,  the  downwash  parameter  de/da 
will  be  found  at  the  point  p  (x  =  15.0,  y  =  1.5,  and  z  *  1.0) 

(fig.  24)  behind  a  rectangular  wing,  assuming: 

PA  =  4 

b'  =  5.0 

a  *  0.07  radians  (4°) 

M  =  2 

From  the  steps  previously  outlined  there  result; 

p  =  1.73 
x/pb'  =  1.73 
y/b'  =  0.30 
z/b'  =  0.20 


4* 


it 


1. 
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2.  From  figure  20 

h/b'  -  0.64  ap  =  0.08 

The  net  vertical  distance  (nondimensional)  of  the  point  above  the 
vortex  sheet  is  then 

(z/b')net  -  0.20  +  0.08  =  0.28 

3.  The  value  de/da  *0.27  is  the  desired  result. 


Lewis.  Flight  Propulsion  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Cleveland,  Ohio,  January  9,  1950. 
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APPEKDI2  A 

SYMBOLS 

The  following  symbols  are  used  in  this  report: 

A  aspect  ratio,  (2b')2/S 

b'  wing  semispan 
C^  lift  coefficient,  l/^- 

c  root  chord 

e  distance  from  trailing  edge  to  station  where  trailing  vortex 
sheet  is  essentially  rolled  up 


h  downward  displacement  of  trailing  vortex  sheet  from 
z  =  0  plane 

hg  downward  displacement  of  trailing  vortex  sheet  from  trailing 
edge 

L  lift 

M  free -stream  Mach  number 

m^  slope  of  plan -form  leading  edge,  dr^/dl^ 

HL|.  slope  of  plan -form  trailing  edge,  dTj^/dl^ 
n  total  number  of  trailing  line  vortices 

=  ^/x2-B2(y-yi)2-p2z2 

r0  =  //x2-p2(y-y0)2-p2z2 
S  plan-form  area 
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taper  ratio,  tip  chord  divided  "by  root  chord 
free -stream  velocity  (taken  in  x -direction) 

perturbation  velocities  indirections  x,y,z,  respectively 


Cartesian  coordinate  system 

angle  of  attack,  radians 

cotangent  of  Mach  angle,  ^M2-l 

reduced  aspect  ratio 

spanwise  distribution  of  circulation 

strength  of  line  vortex 

flap  deflection  angle,  radians 

downwash  angle,  radians  (positive  for  downward  flow  deflection) 
x/pb-' 

y/V 

z/b' 

free -stream  density 
perturbation-velocity  potential 

potential  jump  across  z  -  0  plane  (9  top  "bottom) 


Subscripts : 


1,2,3,  .  .  .  n  line  cortices 
plan-form  leading  edge 
value  at  midspan 
variable  of  integration 
plan-form  trailing  edge 
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APPENDIX  B 


v 


DOWNWASH  AT  STATIONS  WHERE  VORTEX  SHEET 


IS  ESSENTIALLY  ROT, TED  UP 


At  stations  for  which  x/pb*  >(e+c)/pb' ,  an  approximation  to 
the  downwash  may  be  obtained  by  representing  the  wing  by  a  single 
horseshoe  vortex,  the  strength  of  which  is  equal  to  1^  and  the 
span  of  which  is  such  that  the  net  lift  of  the  horseshoe  vortex 
equals  that  of  the  wing.  The  corresponding  semispan,  given  by 


is  indicated  in  each  loading  chart  of  fig¬ 


ures  3  to  22  by  a  vertical  long-short  dashed  line.  The  downwash, 
then,  is  (from  equation  (8)) 


dc 

da 


1  ^m 
2jt  aUb1 


(i-ni)2+£2 


(rl+1l  q)2+  £2 


An  estimate  of  the  displacement  of  the  trailing  line  vortices 
from  the  z  =  0  plane  may  be  obtained  by  computing  the  downwash 
parameter  at  q  =  q-^,  £  =  0  due  to  the  line  vortex  at  q  =  -q^ 
and  assuming  that  this  value  of  de/da  is  constant  from  the  trail¬ 
ing  edge  to  the  station  at  which  the  displacement  is  being  com¬ 
puted  (reference  3).  Thus,  the  displacement  is 

h  =  ca  +  iig- 

4^ 


aUb' 
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SPANWISE  DISTRIBUTION  OP  CIRCULATION 

The  spanwise  distribution  of  circulation  was  obtained  by 
evaluating  the  following  equations  for  A?  along  the  trailing 
edge  of  each  wing;  that  is,  T  =  (ACp)^ :  These  equations  were 
obtained  by  the  method  of  reference  9. 

U 


Region  I 


&<p  2b'(mr!-ii) 


(Cl) 


Region  II 


aU  nJ^-1 


Region  III 


(mj£-q)  tan' 


a  m2-l)(|+q) 

\  (mz+l)(|-n) 


+  (m2l+T))  tan' 


(mz-l)(|-q) 

(mz+l)(|+q) 

(C2) 


V 


W 


* 


fr 
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* 


i 


Region  IV 


Aqp 

aU 


4b’ 


Wd-n)  [M£+nMmz+1)J 


+ 


mzH 

tan-^ 

1  (mI+l)(l-T|) 

Vmi+1 

^mz(|+ri)-(mz+l) 

tan-l.l 

► 

vmi+1 

V 

(m2+l)(|+Ti)  j 

tan 


-1 


(mz+l)(|-r)) 
(m2"1)(|  +Tl) 


+ 


(C4) 


* 
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APPENDIX  D 

CORRECTION  BASED  ON  EXPERIMENTAL 
LIFT  DATA 

Inasmuch  as  the  change  in  dcwnwash  is  proportional  to  the 
change  in  circulation  and  therefore  to  the  change  in  lift,  the 
ratio 


(30^ /3a) 


experimental 


(oG^/Sa )  -theoretical 


may  he  introduced  as  a  correction  factor  for  de/da.  This  correc¬ 
tion  assumes  that  the  form  of  the  experimental  loading  curve  is 
similar  to  the  form  of  the  theoretical  loading  curve.  If  the 
deviation  of  the  experimental  curve  is  large  only  near  the  wing 
tips,  the  correction  factor  should  still  yield  satisfactory 
approximations  to  the  downwash  near  midspan  stations .  Theoretical 
values  of  Cj/a  are  given  in  the  charts. 

For  essentially  flat  plates,  the  ratio 


Experimental 

'^theoretical 


may  he  used  as  a  correction  factor  for  w. 
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(a)  Placement  of  trailing  line  vortices. 


Figure  1.  -  Lifting-line  representation  of  wing 
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Displacement,  h/a0bf 


Downwash  parameter 


(b)  Downwash  near  wing* 

Figure  3.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  8;  root  chord,  0.500  (3b( ;  lift 
coefficient,  4.000  a/p ;  midspan  circulation,  0.770  atJb*. 


Displacement,  h/opb'  Loading 
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Downwash  parameter 
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(b)  Downwash  near  wing* 

Figure  4.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  12$  root  chord,  0.333  fib1  $  lift 
coefficient,  4.000  a/(S$  mldspan  circulation,  0.554  aUb*. 


Displacement,  h/apb 
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Downwash  parameter 
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(b)  Downwash  near  wing* 

Figure  5*  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-3heet  displacement,  and  downwash 
near  wing*  Reduced  aspect  ratio,  2;  root  chord,  1*600  pb* ;  lift 
coefficient,  3*25  a/p;  midspan  circulation,  2*273  aUb»* 
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Downwash  parameter 
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(b)  Downwash  near  wing. 


Figure  6.  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing*  Reduced  aspect  ratio,  4;  root  chord,  0.800  (3b1  j  lift 
coefficient,  3.77  a/(3;  midspan  circulation,  1.301  aUb*. 


Displacement,  h/a£b*  Loading,  r/r. 


Downwash  parameter 
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(b)  Downwash  near  wing. 

Figure  7*  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing*  Reduced  aspect  ratio,  8;  root  chord,  0*400  pb* ;  lift 
coefficient,  3*93  a/pj  midspan  circulation,  0*704  aUb* . 


Displacement,  h/apb1 
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x/pb» 

(a)  Plan  form,  load  distribution,  downwash  in  Trefftz  plane,  and 
vortex-sheet  displacement. 

Figure  8#  -  Charts  showing  plan  form,  load  distribution,  downwash  in 
Trefftz  plane,  vortex-sheet  displacement,  and  downwash  near  wing. 
Reduced  aspect  ratio,  12;  root  chord,  0.267  pb1}  lift  coefficient, 
3.93  a/p ;  midspan  circulation,  0.483  aUb*. 


Downwash  parameter 
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(b )  Downwash  near  wing* 

Figure  8*  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing*  Reduced  aspect  ratio,  12;  root  chord,  0*267  p b f j  lift 
coefficient,  3*93  a/p ;  midspan  circulation,  0*483  aUbf. 


Displacement,  h/aflb1 
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(b)  Downwash  near  wing* 

Figure  9*  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex^sheet  displacement,  and  downwash 
near  wing0  Reduced  aspect  ratio,  2$  root  chord,  1*333  pb*$  lift 
coefficient,  3*16  a/p ;  midspan  circulation,  2*161  aUb'* 


Displacement,  h/apbf 
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Downwash  parameter 
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Figure  10*  -  Concluded*  Charts  showing  plan  form,  load  distribution 
downwash  in  Trefftz  plane.  vortex«*sheet  displacement,  and  downwash* 
nea^L,  ?s#  Red^ed  aspect  ratio.  4}  root  chord,  0.667  Sb't  lift 
coefficient ,  3.66  a/fJ|  midspan  circulation,  1.178  aUb*. 


Displacement,  h/apb1  Loading 


[•TSj] 


Maw 


Downwash  parameter 
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Figure  11.  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  8;  root  chord,  0.333  pbf  ;  lift 
coefficient,  3.90  a/p;  midspan  circulation,  0.617  aUb*. 
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0  1.0  2.0  3.0  4.0  5.0  6.0 

x/pb» 


(a)  Plan  form,  load  distribution,  downwash.  In  Trefftz  plane,  and 
vortex-sheet  displacement* 

Figure  12*  -  Charts  showing  plan  form,  load  distribution,  downwash  in 
Trefftz  plane,  vortex-sheet  displacement,  and  downwash  near  wing* 
Reduced  aspect  ratio,  12;  root  chord,  0.222  (3b*;  lift  coefficient, 
3.91  a/p  $  midspan  circulation,  0.419  aUb*. 


Downwash  parameter 
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(b)  Downwash  near  wing* 


Figure  12.  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  12;  root  chord,  0*222  pb*  ;  lift 
coefficient,  3*91  a/p;  midspan  circulation,  0*419  aUb1* 


Displacement 
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(hj  Downwash  near  wing. 

Figure  13#  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  3.2$  root  chord,  1*000  pbf $  lift 
coefficient,  3.74  a/p  $  midspan  circulation,  1.391  aUb1. 


Displacement,  h/a0b*  Loading,  r/r 
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(b)  Downwash  near  wing* 

Figure  14#  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing*  Reduced  aspect  ratio,  6.4;  root  chord,  0*500  £b';  lift 
coefficient,  3.95  a/P;  midspan  circulation,  0*815  aUb*. 


Displacement.  h/aBb1  Loading 
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Downwash  parameter 
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x/pb» 

(b)  Downwash  near  wing. 

Figure  15.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  12.8;  root  chord,  0.250  pb* ;  lift 
coefficient,  3.96  a/p ;  midspan  circulation,  0.448  aUb». 


Displacement,  h/apb* 
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Downwash  parameter 
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Figure  16.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwaah  in  Trefftz  plane,  vortex-sheet  displacement  /  and  downwash 
near  wing.  Reduced  aspect  ratio,  2.7;  root  chord,  1.000  pbf ;  lift 
coefficient,  3.46  a/p  }  midspan  circulation,  1.540  aTJbf. 


Downwash  parameter 


(b )  Downwash  near  wing. 

Figure  17.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  5.3;  root  chord,  0.500  pb!  $  lift 
coefficient,  3.80  a/(3 ;  midspan  circulation,  0.867  aUb*. 


Displacement,  h/apb*  Loading,  r/P3 


Downwash  parameter 
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(b)  Downwash  near  wing* 

Figure  18*  -  Concluded,  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  10. 7j  root  chord,  0,250  pbf ;  lift 
coefficient,  3,91  a/p  j  midspan  circulation,  0.464  aUb». 


Displacement,  h/aSb* 
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Downwash  parameter 


NACA  TN  2141 


59 


(b)  Downwash  near  wing* 

Figure  19#  -  Concluded*  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement  and  downwash 
near  wing*  Reduced  aspect  ratio,  2;  root  chord  1.000  pb* ;  lift 
coefficient,  3*000  a/p;  midspan  circulation,  2*u00  aUb1* 


Displacement,  h/oPb*  Loading,  p/r 


NACA  TN  2141 


y/b*  ■  1— j 


A  Exact  linearized  values 
references  7  and  11 

-  Uniform  loading  with 

same  lift 


Plan  form 


NACA 


>  3.0  4.0  5.0  6.0 

x/pb* 

(a)  Plan  form,  load  distribution  downwash  in  Trefftz  plane,  and 
vortex-sheet  displacement. 

Figure  20.  •  Charts  showing  plan  form,  load  distribution,  downwash  in 
Trefftz  plane,  vortex-sheet  displacement,  and  downwash  near  wing. 
Beduced  aspect  ratio,  4j  root  chord,  0.500  pb’j  lift  coefficient, 
3.500  a/p ;  midspan  circulation,  lod00  aUb*. 


Downwash  parameter 


(b)  Downwash  near  wing. 


Figure  20.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  4;  root  chord,  0.500  (3b*  $  lift 
coefficient,  3.500  a/(3;  midspan  circulation,  1.000  aUbf. 
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(b)  Downwash  near  wing. 


Figure  21.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane,  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  8j  root  chord,  0.250  pbf;  lift 
coefficient,  3.750  a/pj  midspan  circulation,  0.500  aUb*. 
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(b)  Downwash  near  wing. 


Figure  22.  -  Concluded.  Charts  showing  plan  form,  load  distribution, 
downwash  in  Trefftz  plane  vortex-sheet  displacement,  and  downwash 
near  wing.  Reduced  aspect  ratio,  12;  root  chord,  0.167  pb»;  lift 
coefficient,  3.833  a/p ;  midspan  circulation,  0.333  aUb*. 
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